We present a general analysis of the close-coupling equations for e-He scattering. We show why the standard close-coupling expansion gives rise to nonunique solutions and, by characterizing the manifold of nonunique solutions, are able to construct equations with a unique solution. Our analysis concentrates on two models of target states; a frozen-core model in which one of the electrons is restricted to the 1s He ϩ orbital, as has been used with great success recently, and also a model which uses full configuration-interaction target states. We develop modified close-coupling equations by projecting out spurious solutions. A subtle difference between frozen-core and configuration-interaction models with respect to the manner in which antisymmetrization is incorporated is noted. A calculation to illustrate the theory is presented.
I. INTRODUCTION
It is well known that electron-atom close-coupling equations may not have a unique solution. The formalism and methods of solution in coordinate space have been reviewed by Burke and Seaton ͓1͔. The degree of nonuniqueness has been analyzed fully for electron-atomic hydrogen scattering ͓2͔. There it was pointed out that the nonuniqueness of the equations in standard form is a consequence of the incomplete application of the Pauli principle in constructing the electron-hydrogen scattering wave function. For very large calculations this nonuniqueness causes severe numerical instabilities. This problem was noted by Norcross ͓3͔ for electron-sodium scattering. Once their origin is known they can be projected out. The convergent close-coupling ͑CCC͒ calculations of Bray and Stelbovics ͓4,5͔ for electronhydrogen scattering have used these methods to guarantee a solution and obtained impressive agreement with experiment. Recently Fursa ͓6͔ and Fursa and Bray ͓7͔ have applied these ideas to electron-helium scattering in the frozencore ͑FC͒ model with considerable success. Their implementation focused on a frozen-core model but they noted the method worked for the full configurationinteraction ͑CI͒ target states as well. Interestingly, there have been no systematic studies of nonunique solutions although Marriott ͓8͔ mentioned one class associated with the superelastic transition (2 1 S→2 3 S) in helium. Here spurious solutions were observed which were linear combinations of the orbitals used in a simple two-state close-coupling expansion.
From the point of view of scattering theory, the electronhelium system provides a much richer set of models and model calculations; one may consider target states of the helium atom constructed with a large degree of variation in sophistication. At one extreme one can use a restricted basis for the helium states in which one of the electrons is in a fixed orbital while the second electron is described by a set of independent L 2 functions ͑for numerical efficiency chosen to be orthogonal͒, thus permitting it to span the discrete and continuum excitations. This type of approximate description of the target should be good for scattering problems in which the dominant reaction mechanism is by one-particle excitations. The excellent results such a model can achieve have been amply demonstrated by Fursa and Bray. At the other extreme of sophistication one might approximate the target helium atom by a configuration interaction in which both electrons are described by a large set of L 2 functions which can be extended to completeness in the one-particle Hilbert space. A set of Laguerre functions provides one such convenient basis. In terms of model calculations the total spin of the e-He system describing scattering from ground-state helium atoms is Sϭ 1 2 and so scattering to both singlet and triplet excited helium states must be considered. In the Sϭ 3 2 channels there can be no coupling to intermediate singlet states. We will show that the nonuniqueness of the equations depends on the scattering system and model used; indeed it will be shown that there are nontrivial models for which the solution of the close-coupling equations is unique, but it will be emphasized that they are not realistic models.
The plan of the paper is as follows. We begin by utilizing the usual procedure for obtaining a fully antisymmetrized electron-plus-target-atom wave function and then consider the possibility of nonunique solutions. A matrix equation characterizing the solutions is derived. It has the feature that it is independent of the basis used. The degeneracy of the symmetrized wave function is studied for a range of models, with FC and CI target expansions in Sec. III. In Sec. IV we show how to form a system of close-coupling equations which has a unique solution. The new equations differ only by minor modification of the usual exchange term. By studying several models we conclude the CI wave functions give a naturally consistent system of CC equations in contrast to FC wave functions. In Sec. V model calculations are provided to illustrate the theory results.
II. GENERAL ANALYSIS
Suppose we have a set of target states ⌿ sm j (1,2) where s labels the spin of the target ͓singlet ͑0͒ or triplet ͑1͔͒, m the spin projection, and j all the remaining quantum numbers needed to specify it uniquely. The labels one and two refer to the spin and space coordinates of the electrons and we will use the convention that the incoming electron will be de-noted by 0. We also note that the target states are fully antisymmetric under interchange of the electrons, so that
where
The sm (12) represents the spin function and the space coordinate part of the target wave function is denoted by the lower case , whereas the full wave function, including the spin functions, is denoted by ⌿. The P i j is the operator which interchanges spin and space labels for electrons i and j. A fully antisymmetric close-coupling expansion of the three-electron wave function for the eϩHe system is then given by the expansion
where N T ϭ ͚ s N s is the total number of target states and is the spin projection of the electron labeled 0. The total spin of the e-He system is denoted by uppercase S. Since it is conserved we write
where SM S s is the spin-wave function and the lowercase SsN T (012) denotes the space coordinate part of the threebody wave function. The spin-wave function is formed from the spin functions of the incoming and target electron wave function
Here and in the sequel we use the notation ŝ ϵͱ2sϩ1. Similarly
͑6͒
We further express the CC expansion in eigenstates of total spin
where f Ss j is a function of the space coordinates only. From Eqs. ͑1͒-͑7͒ it follows that the space-coordinate part of the full three-electron wave function ͑4͒ is given as 
In order to determine the ⌽ Ss j we proceed by defining a basis for L 2 functions in R 3 . We choose
where for definiteness we take for the radial functions the Laguerre functions which form a L 2 basis over ͓0,ϱ)
͑12͒
If the He-target Hamiltonian is diagonalized in this basis the target states take the form
The basis functions are normalized as ͗ m ͉ n ͘ϭ␦ mn .
͑14͒
The Pauli principle requires that the expansion coefficients satisfy
Now we note
͑17͒
Thus far we have written the expansions implicitly in terms of the complete basis set. In calculations we choose a finite subset of the basis for obtaining our target states. We will use the convention that any summations over a subspace of dimension N b will be implied if the indices are l,m,n and over the whole basis when we use L,M ,N. In terms of the basis we can expand ⌽ Ss j as follows:
Inserting Eq. ͑18͒ into Eq. ͑10͒ one finds the expansion coefficients satisfy the equation
͑19͒
For this equation to have a solution it is necessary that
͑20͒
Multiplying this equation by d simn * , then forming the summation over m,n, and using the orthogonality of the d's given in Eq. ͑17͒ it follows that:
so we need to look for nontrivial solutions b Ss jl only for l 1, . . . ,N b . By Eq. ͑19͒ they will be solutions of the equations
These are the fundamental equations whose solution characterizes the nonuniqueness of the three-electron closecoupling expansion of Eq. ͑8͒. The equation system may be put into a compact form by multiplying throughout with d simn , summing over m,n to yield
͑24͒
We observe that the matrix D is Hermitian. From the definition of ␣ Sss Ј we note the nonzero ␣'s are
Thus it can be seen that the determination of the nonunique solutions is equivalent to finding the eigenvalues of unity of the D matrix. However the form of this matrix depends on the basis. The fact that nonuniqueness is observed so readily in the close-coupling equations suggests there must be some basis-independent way of deducing the eigenvalue spectrum.
We now demonstrate that this is indeed the case.
III. EIGENVALUE SPECTRUM OF THE D MATRIX
We start by noting the completeness relation for the target states is
from which one readily deduces the identity
Now we define a set of auxiliary vectors
and observe in passing that they have the property
which follows from the symmetry of the d's in Eq. ͑15͒. Upon inserting Eq. ͑28͒ into Eq. ͑23͒, and simplifying using the definition of the D matrix ͑24͒ and the sum relation ͑27͒ the resultant equation may be expressed as
͑31͒
In this form the eigenvalue equation is manifestly independent of the choice of basis. At first glance the dimension of the two forms of the equation describing nonuniqueness appears different. From Eq. ͑24͒ the D-matrix dimension is (N 0 ϩN 1 )N b and from Eq. ͑31͒ the A-matrix dimension is 2N b 3 . For both CI and FC models the nonzero eigenvalues of the A and D matrices are identical. For definiteness let us consider the argument for the particular case Sϭ 3 . The A-matrix dimension is twice this but includes both X Sslmn and X Ssmln which are not independent.
From Eq. ͑29͒ there are a total of N b 3 such relations; hence there will be N b 3 eigenvalues of zero. The nonzero ones will be the same for A and D matrices. Other models, for example, FC wave functions, give different values for N 0 and N 1 . In such cases, there are additional conditions on X Sslmn which increase the number of zero eigenvalues. In each situation there is a one-to-one correspondence between the nonzero eigenvalues.
We now turn to the question of determining the spectrum of A. A is not symmetric, but despite this complication it will be possible to find its spectrum fully for a wide class of target-state expansions. By inspection of A it can be seen that the nonzero entries can be grouped into three classes: ͑i͒ lmnϭlЈmЈnЈϭlll, ͑ii͒ lmn,lЈmЈnЈlln and permutations. Thus lln, lnl, and nll are included, and ͑iii͒ lmn,lЈmЈnЈ lmn where l m n and permutations. With an appropriate reordering of the lmn indices, the matrix A may be reformed as a direct sum of matrices belonging to three classes.
From the symmetry property ͑15͒ it immediately follows that X S1lll ϵ0, so only singlet target states provide a nontrivial eigenvector; further, since A 3 2 0lll,0lll ϭ0, Eq. ͑32͒ reduces to
and from Eqs. ͑31͒ and ͑25͒ we see that 1/2 ϭ1 is the eigenvalue. Thus there are N b eigenvectors of unity since there are N b members of the class lll.
We defer discussion of the eigenvalues of this class to the subsection dealing with various models. In deriving the system we have used the symmetry relation of Eq. ͑29͒.
Class "III…
The final class is seen to give rise to the following matrix equation after use of Eq. ͑29͒:
From the above equations it is clear that the eigenvalues depend on the total spin S and on the type of model, for example, whether one considers FC or CI target states and also whether one expands over singlet or target states separately or not. We now turn to a discussion of CI-based models followed by FC ones which can be regarded as a subset of the CI analysis. There are two possibilities for total spin, Sϭ
2 . The latter spin channel only connects the excited triplet target-state manifold, in contrast to the former which includes scattering through singlet and triplet states.
Full configuration interaction "CI…
In this class of models, the target states are made from a basis set m (1) n (2) where n and m both range from 1 . . . 
͑38͒
The matrix A 1 2 may be written as a direct sum of these three matrices
͑39͒
In writing Eq. ͑39͒ we have taken into account the number of members belonging to each class. The eigenvalues of a 1 are ϭ1, of a 2 are ϭϪ 1 2 ,1 and for a 3 , ϭϪ 1 2 ,Ϫ 1 2 ,1. Thus we conclude the eigenvalue spectrum is distributed as follows:
We note that A in Eqs. ͑31͒ and ͑39͒ differ in the sense that there are an additional 1 2 N b 2 (N b Ϫ1) eigenvalues ϭ0 if the further condition ͑15͒ is not taken into account. In all subsequent discussions we disregard these eigenvalues since they play no role in the final scattering expansions. An essential difference in using triplet target states is that classes ͑I͒ and ͑II͒ are modified on account of X S1lln ϵ0. Now it is obvious class ͑I͒ is absent and using Eq. ͑34͒
Evaluating Eq. ͑35͒ it is found a 3 for the triplet states is unchanged from matrix ͑38͒. Thus
͑42͒
and hence
Model CI 3: S‫؍‬ 3 2 , s‫1؍‬ target states
Only classes ͑II͒ and ͑III͒ are present. Since X 3 2 1lln ϭ0 by Eq. ͑29͒ the system ͑II͒ matrix reduces to a 2 ϭ͓1͔. ͑44͒
The class ͑III͒ matrix becomes
The eigenvalues of a 3 are ϭ1,1,Ϫ2. The final matrix is the direct sum in Eq. ͑42͒ so the distribution of the eigenvalues is .
͑48͒
The direct sum of the classes has the form of Eq. ͑39͒. Matrix a 2 has ϭ1,1,Ϫ2. Matrix a 3 has ϭ1,1,1,1,Ϫ2,Ϫ2.
There are thus
eigenvalues. We note that each of the models CI 1-4 has eigenvalues of unity. As a consequence the close-coupling expansion is not uniquely defined for any of them. Observe also that models CI 3, CI 4 when expanded to completeness represent the full manifold of helium target states and each possesses eigenvalues of Ϫ2 whereas the models CI 1, CI 2 containing only a subset of the target manifold have eigenvalues of Ϫ 1 2 . The reason for this distribution of eigenvalues according to the model will be pursued in the next section.
Frozen-core models "FC…
If the basis of the target is restricted by limiting, say the basis space of the first electron to the He ϩ 1S state and allowing the second electron to have orbitals in the subspace of dimension N b we have the so-called frozen-core model. This model has been used very recently to good effect in CCC-type calculations ͓7͔. It is accommodated very easily in our general framework. The allowed configurations are built up with coefficients d mn such that
It immediately follows that the only nonzero X slnm are those of the form X s1nm or X sn1m satisfying Eq. ͑29͒ as usual. We consider the four models used in the CI analysis.
Model FC 1 S‫؍‬ 1 2 , singlet"s‫…0؍‬ target states only From Eqs. ͑33͒ and ͑50͒ there is only one member of the 1st class ͓X 1 2 0111 ͔ with one eigenvalue of unity. The second class defined by Eq. ͑34͒ splits into two subclasses since X 1 2 0lln ϭ0 unless lϭ1. For X 1 2 011n the a 2 matrix is the same as that of Eq. ͑37͒. The second subclass corresponds to X 1 2 01ll with lу2. Since X 1 2 0ll1 ϵ0 the system ͑34͒ reduces to one with matrix
The class ͑III͒ matrices of Eq. ͑35͒ are limited for the frozen core to the subset lmn with lϭ1. Since only X 1 2 01mn and X 1 2 0n1m are nonzero the system reduces to two coupled equations with matrix
whose eigenvalues are Ϯ 1 2 . Thus we have
͑53͒
The eigenvalues of unity of which there are N b come from I 1 and a 2 . We have
Model FC 2 S‫؍‬ 1 2 , triplet"s‫…1؍‬ target states only
There is no class ͑I͒ member since X 1 2 1111 ϵ0. For triplet states we have X 1 2 1lln ϵ0 for all l. The eigenvalue matrix for X 1 2 1n11 is determined as
In addition, we have a subclass for X 1 2 11ll which also has the same a 2 . Analysis of the class ͑III͒ reveals, using Eq. ͑35͒ the a 3 matrix is the same ͓Eq. ͑52͔͒ as for model FC 1. The direct sum over all the classes is
͑56͒
In this model there are no eigenvalues of unity. Hence the close-coupling expansion over triplet states in the frozencore model for Sϭ 1 2 is unique. The spectrum is There is no class ͑I͒ and the class ͑II͒ matrix is the same as Eq. ͑44͒ for the corresponding CI model. There will be eigenvalues of unity for each of the trivial eigenvectors ͓X 3 2 11nm ͔, ͓X 3 2 1n1m ͔. The class ͑III͒ equations ͑35͒ can have eigenvectors only of the form ͓X 3 2 11nm ,X 3 2 1n1m ͔ since one of the third or fourth indices must be 1 for the frozen core on account of condition ͑50͒. Then we have
and the direct-sum representation of A 3 2 is the same as for A 1 2 in Eq.͑56͒. Thus the spectrum is composed as
Model FC 4 S‫؍‬ 1 2 , s‫1,0؍‬ target states
Class ͑I͒ has one member with an eigenvalue unity. Class ͑II͒ will have two subclasses. The first is for the eigenvectors of the form ͓X 1 2 011n , X 1 2 0n11 , X 1 2 1n11 ͔. There are N b Ϫ1 such eigenvectors of the matrix a 2 of Eq. ͑47͒. There will also be a class for the eigenvectors of the form ͓X 1 2 0n11 , X 1 2 1n11 ͔.
From Eq. ͑34͒ the matrix a 2 Ј for this subclass is
which has eigenvalues Ϫ1 and 1. There are (N b Ϫ1͒ members of the subclass. The class ͑III͒ eigenvector has the general form ͓X 01mn , X 11mn , X 0n1m , X 1n1m ͔ with the result that the matrix from Eq. ͑35͒ becomes 
IV. UNIQUE-SOLUTION FORMS OF CLOSE-COUPLING EQUATIONS
We are now in a position to classify the CC models which will have nonunique solutions. Any equations formed from models containing eigenvalues of unity for the D matrix require modification. Of the eight models considered only FC 2 will have a unique solution for the standard close-coupling equations. However FC 2, while nontrivial, is unrealistic in the sense that it comprises only triplet states and, hence, cannot be expanded to completeness.
The close-coupling equations are formed from the Schrö-dinger equation by using the CC expansion of Eqs. ͑3͒ and ͑7͒ and folding over the set of target states. The target states are obtained by diagonalizing the helium-target Hamiltonian in the chosen subspace of L 2 functions ͑12͒. After some algebra, the CC equations can be expressed as
͑64͒
Here ⑀ si , iϭ1, . . . ,N s are the target energies. We have chosen to partition the potentials into two terms so as to make the following discussion of nonuniqueness as clear as possible. We define
͑66͒
In the above equations we have used the coordinate label 0 for the incident electron space coordinate. K(0) is the kinetic-energy operator, V(0) the incident electron-heliumnucleus potential, V(01), the electron-electron potential, and H(00Ј2) the full Hamiltonian for the e-He system, with the electron-1 label replaced by 0Ј. We showed that there is no unique CC expansion for all but one model in the preceding section. Thus by construction the equations we have formed for the f Ssi cannot yield a unique solution. If F Ssi is a particular solution, then so is
as may be established by direct substitution into Eq. ͑64͒. n S is the number of eigenvalues of unity and the ⌽ S␣ are assumed to be orthonormal eigenvectors which span the subspace. The S␣ are arbitrary constants. To fix a particular solution from this manifold, we adopt the convenient choice
This choice is equivalent to setting S␣ ϭϪ͗⌽ S␣ ͉F S ͘ in Eq.
͑67͒. Now let us consider the potential W Ssis Ј j further. By employing the target-state expansion of Eq. ͑13͒ this potential can be expressed as
where D S is matrix ͑24͒ whose eigenvalues of unity have the associated eigenvectors ⌽ S␣ . Since the matrix is Hermitian, one can form a spectral representation
The sum is over the distinct eigenvalues while ␣ labels the basis vectors for each degenerate . Hence by defining a slight generalization of Eq. ͑18͒, namely,
we can write
Returning to the CC equations ͑64͒ and noting the orthogonality condition of Eq. ͑68͒ it can be seen that W Ssis Ј j can be replaced by
The important difference with the CC equations ͑64͒ formed by using the W S ͑73͒ instead of the W S of Eq. ͑66͒ is that their solution is unique and hence stable numerical solutions are ensured. It is also worth pointing out that this is by no means the only form of equation which is guaranteed to give the same unique solution. On account of the condition ͑68͒ the general class of suitable W S is
where ⌫ S ␣ are any arbitrary non-null vectors. Perturbing the potential in this way ensures the nonunique solutions of the old CC equation are projected out.
Before turning to some illustrative examples, we discuss a further feature of these equations showing an essential difference between models whose target states are generated by the frozen-core approximation rather than the full configuration interaction. Let us suppose we have by some means obtained the full e-He scattering wave function and, that as well we have the complete set of helium-target wave functions. Thus one may expand in terms of these states to obtain
The second expansion is a statement of the Pauli principle. The F is not assumed to be the same as used in the explicitly symmetrized CC expansion ͑3͒ because that ͑additional͒ antisymmetrization property of Eq. ͑75͒ was not necessary to form the symmetrized sum. Of course it would be satisfying to confirm that one of the forms for F deduced by solving the CC equations is equivalent to the ͑unique͒ F . Let us resolve this conjecture.
The apparatus to study this question has already been set up. If we project out the total spin eigenfunctions, the P 01 interchange symmetry after using Eqs. ͑5͒, ͑7͒, and ͑75͒ requires that the space coordinate wave function satisfy
Upon expanding f Ss j in our basis as
then using the target-state expansion ͑13͒ followed with multiplication by, and summation over, the d coefficients one finds that the coefficients f Ss jM satisfy the relations
We emphasize the equality of Eq. ͑76͒ can only be maintained in the finite set lϭ1, . . . ,N b because our target wave functions are restricted to the space spanned by l,mϭ1, . . . ,N b . But this means the f Ssil belong to the subspace spanned by the ϭϪ2 eigenvalue of D S so
for some set of coefficients f S␣ . Is the condition ͑79͒ a property of the ͑unique͒ solution of the CC system ͑64͒? The answer depends on the particular model chosen as we now show. If we regard the f Ssil as a column vector in the indices sil and observe that the b S ␣() , the eigenvectors of D, form a complete orthonormal set for lϭ1, . . . ,N b , then one can write
The restriction in the above sum to 1 follows from condition ͑68͒, which we enforced to obtain a particular solution. Comparing the expansions ͑79͒ and ͑80͒ it is clear from the orthogonality of ͉b S ␣() ͘ that they are equivalent if and only if the set of 1 eigenvectors is equivalent to the set of ϭϪ2 eigenvectors. Now consider the CI model including both the singlet and triplet target states for which we found the D 1 2 spectrum. We see for the CI 4 model ͑49͒ that the spectrum is composed only of ϭ1 and Ϫ2. Since we already have found a unique solution by constraining ͉ f S ͘ to be orthogonal to ⌽ S ␣(1) it follows that the desired solution can only be in the subspace spanned by the ⌽ S ␣(Ϫ2) . But this is just the constraint ͑79͒
for f S . Thus the CC solution for a full CI is compatible with the antisymmetrization condition of Eq. ͑75͒. Similarly the model CI 3 is also fully compatible as can be seen from Eq. ͑46͒. Models CI 1, CI 2 on the other hand involve a drastic truncation of the target space. Their spectra summarized in Eqs. ͑40͒ and ͑43͒ contain no ϭϪ2 eigenvalues. Thus these models cannot satisfy the antisymmetrization condition ͑75͒.
Similarly all the frozen-core models, FC 1-FC 4, violate condition ͑75͒. The only model to include ϭϪ2 eigenvalues is FC 4. In this case we see by Eq. ͑63͒ the spectrum of D 1 2 is composed of eigenvalues ϭ1,Ϫ1,Ϫ2. Thus the solutions of the frozen-core CC equations span a different space to that demanded by Eq. ͑79͒. Since the CC equation solution has already been made unique by means of condition ͑68͒, any attempt to impose an extra orthogonality requirement will change the form of the equation in a drastic manner. Our conclusion is that the frozen-core CC solution cannot satisfy the antisymmetrization requirement of Eq. ͑75͒. This is not so surprising when one realizes that it was derived on the assumption of a unique set of F S which is only correct provided the set of target-states spans the twoparticle Hilbert space. This cannot be the case for the frozencore states, no matter how large a set we employ, since no two-electron excited-state configurations are permitted. The inability to comply with the antisymmetrization condition ͑75͒ is a manifestation of the approximate nature of the frozen-core models.
V. NUMERICAL EXAMPLES AND CONCLUSION
In order to illustrate the theory discussion, we have chosen a frozen-core model and a configuration-interaction model made up from the same set of basis functions. To keep the discussion free of complication we choose only lϭ0 angular-momentum basis functions. This ensures that all the nonuniqueness features of the standard CC equations are confined to the Lϭ0 total angular-momentum component of the three-electron scattering wave function. For definiteness we select ϭ4 a.u. in our Laguerre functions ͑12͒ and choose N b ϭ3. We choose the incident energy so that only elastic scattering is possible. There is nothing special about this choice other than the convenience of only one on-shell amplitude to study.
The 
Here F,I label all the quantum numbers needed to specify the incident and final channels and the J sum is over all intermediate channels. The nonuniqueness manifests itself as solutions to the homogeneous form of Eq. ͑81͒. There is a one-to-one correspondence with these solutions and those of the nonunique ͉ f ͘. Mathematical details are given in Refs.
͓2,9͔.
There it is further shown that the contribution to the T matrix from these spurious solutions vanishes on the energy shell. In Fig. 1 the results of a frozen-core calculation for Sϭ 1 2 are shown for two similar integration grids for the CC equations with the standard exchange potential W. Rather than plotting the half-shell T matrix, we use the K matrix, which is real and from which the T-matrix amplitudes can be extracted, to display the results. Observe, in accordance with the discussion above, the half-shell amplitudes are unstable whereas the on-shell point is fixed. One can confirm, by calculating the eigenvalue spectrum of the discretized kernel in the above equation, that there are nine eigenvalues of unity in agreement with the predictions of Eq. ͑63͒. Also shown in the figure is the solution of the modified CC equations with the new exchange potential W of Eq. ͑73͒. We calculated the solution for both meshes and it lies within the thickness of line displayed.
The corresponding comparison for the full CI with the same N b ϭ3 basis is presented in Fig. 2 . The CI has nine states and is therefore a significantly larger calculation. Again we note the instability of the CC equations in standard form. There are now 19 eigenvalues of unity as predicted by Eq. ͑49͒. The modified form has converged for the two meshes shown. It is also interesting to compare the half-shell K matrices; they are very similar within the confines of the restricted target basis of lϭ0 states and low energy. The natural conclusion is that the elastic scattering is well described by the manifold of one-electron excited intermediate states. Fursa and Bray ͓7͔ in a wide range of calculations have shown that the frozen-core model gives excellent results compared with experiment, providing direct evidence that scattering through singly excited target states is dominant. Of course the CI model contains extra physics such as transitions to final doubly excited states which are not described within the frozen-core model. It is in the regime of large-scale calculations, with the inclusion of higher-l basis states that the new stable form of CC equation proves invaluable. For these calculations the stability of the on-shell point in the model shown in Figs. 1 and 2 is lost and removal of the nonuniqueness in the solution is essential.
The method of forming new equations is general. We concentrated on FC and CI models which employed complete sets of states generated in an L 2 set since, for these cases we could determine eigenvalues analytically. In practical applications it is often convenient to omit some of the target states, for example, those which are closed at the energy of interest. One then has a truncated j sum over the expressions developed. The D matrix will, in general, have varying numbers of eigenvalues of unity depending on the level of truncation. The remaining eigenvalues cannot be determined analytically since the correspondence between the A and D matrices breaks down. Nevertheless, the spectral decomposition of the D matrix remains valid and one forms the new potential, as discussed, by omitting the ϭ1 eigenvalues from its spectral representation. We have carried out extensive tests to confirm that our general methods apply to truncated sets of target states generated in a particular basis. Taking such truncated sets is useful because one may omit channels whose influence is small at a given energy.
We conclude that the nonuniqueness of the close-coupling expansions for e-He scattering is fully determined and this leads to a natural method for obtaining a system of closecoupling equations which have a unique solution. The general method developed when applied to e-H scattering sim- plifies the arguments given in ͓2͔. Further, it appears that the present method may be extended to N-electron targets; upon generalizing the basic CC expansion ͑3͒ the discussion leading to Eq. ͑23͒ can be carried through providing the d's now carry a label for each of the N single-particle expansion functions.
